
���������
	��
��������������	�����	���� ����� ����!
"#��	���$����%�&�'�("
)*"+	��
,.-*	����(�����0/�	������21 	
34�&!�����" ���6563478�����&"

90:<;>=?=?@A;>BDCFE�GIH�90@KJL;�M?BN:PO�QRHTSUHV90:WM?BN@KXZYK[]\8;�E_^`9�H aIHcbU@d@KEeOf@K^?J
g�@dM?Bh;>ikjlEnmo:WBNpk;�XNCF:WErq#BN:WsK@dJZJZCFE?t2Sn\uJNXZ@Kp�Jwv_O(xyjl9zq#BN@KJZJ|{0;�p�}_BZCF^?tW@4x|~�H0�A���W�?H

���T���T�
���Z�d�K�P�>�P�Z� ��� �P�T�����?�F�P�N���
{0;>pI}?BZCF^?t�@0��E?CF��@KBZJNC�Xl\��+E?tWCFE?@K@dBZCFE?t�Q%@K=P;>BZXZp�@KE]XAO
9#BNM?p�=?CFE?t�XZ:�E�S]XAHFO?{0;�pI}_BZCF^?tW@�Ou{��0�|�Aqc�#O��#E?t�i�;>E?^eH
9�@di ��¡T¢%£W£�¤����W¥�¥W¥��W¦W§�§?O]¨P;>©U�&¡T¢%£W£>¤��W�W¥�¥W¥��Wª�ªW�?O
�#p|;�CFil�PJNBZ«��
§W§?��O?;K¬LB�­%@KE?t�H sA;�p�H ;>sWH M?[

�(®�b��]¯]XZXZ=f� °�°�JN�uB²± «0«0«�H @KE_tPH sA;�p�HT;�sWH M?[?°]³]JZBN«��A§�§?�

´|µ&¶
·d¸u¹UºW·

jlE`XN¯?CFJI=P;�=�@KBI«�@|sK:WE?JNCF^?@KB�JN=P@d@KsL¯8sK:]^?CFE?t
;�J�;»=?BZ:�}?iF@Kp¼:>m(JN=P@K@dsh¯
p�:]^?@KiFiFCFE?tPH�jlE�=P;�BNXZCFsKM?i½;>BAOU=?BN@K^?CFsKXNC�:�E
:�m&=�;�Bh;>p�@KXN@KBZCFJN@K^¾JN=P@d@KsL¯D:��W@dB
JZ¯?:�BZX�XZCFp�@cJN@KtWp�@KE]XZJ#CFJc=�@KBlmo:�BZp�@K^RM_JZCFE?t�XZ¯?@%¿�CF@KBL;�BZsL¯?CFsA;>iPx|CF©]XZM?BN@0:�m
�#©]=P@KBNXZJIÀ½¿�x4�cÁ�À½ÂW:�BZ^P;>E4Ã2Â];�sK:�}?J��A����£]ÁKH#90¯?@�¿�x4�ÄtWCF�W@dJ0Xl«&:�;>^]±
�W;�E]Xh;>tW@KJ�:��W@KB�XZBL;�^?CFXNC�:�EP;�i�E?:�E]± iFCFE?@A;>B�moM?E_sKXZCF:WEÅ;�=?=_BZ:�©]CFpk;�XN:WBNJ(JNM?sL¯
;�J|XZ¯?@
x|M?iFXNCÆ±Zbe;
\�@KBkqf@KBNsK@K=?XNBZ:�E�Àox4bfqcÁKÇ�;ÈJZXL;�XZCFJNXZCFsA;�i�M?E_^?@KBZJNXh;>E?^]±
C�E_t�:�m�XZ¯?@�:W=�@KBh;>XZCF:WE»:�mcXZ¯?@�=?BN@K^?CFsKXZ:�B�;�E?^4=_BZ:��]CFJZCF:WE4:>mcC�Enmo:WBNpk;�XNCF:WE
;�}�:WM?X�XZ¯?@�=P@dBlmo:�BZpk;>E?sK@I:>m�XZ¯?@�=?BZ@K^_C�sdXZ:WBICFE
XN¯?@Imo:�BZpÉ:�m�iFCF[W@KiFCF¯?:]:]^
C�Enmo:WBNpk;�XNCF:WE4;�E?^
iF:]sA;>ic@KBZBN:WB�}P;�BNJAH|90¯?@dJZ@�Xl«�:|CFJZJZM_@KJÊ;>BZ@�@K©?;�p�CFE?@d^
:WE4}�:WXN¯4XZ:�\|;�E?^|BZ@
;�i#«&:�BZiF^|=?BZ:�}?iF@Kp�J0:>mcBZ@Kt�BZ@KJNJZCF:WE¾;>E?^4XNC�p�@�JN@KBZCF@KJ
=?BZ@K^_C�sdXZCF:WEeH�jlE�XZ¯_@RJN=P@K@dsh¯
sd:u^_C�E_t�sK:�EuXN@K©]XAOU«�@�@K©]XZ@KE?^
XN¯?@�=?BZCFE?sKCF=?iF@
:�m�sd:WpI}?CFE?CFE?t�iF:]sA;>iP=?BN@K^?CFsKXNC�:�E?J��]C½;�XN¯?@�¿(x»�DXN:Ê;�Ë�@KsKXZ:�B�Ì%MP;�E]XZCFYA;�±
XZCF:WE
JNsh¯_@Kp�@�C�E�«0¯?CFsL¯�ÍP©]@K^DiF:]sA;>icsK:]^?@K}�:]:W[]J�;�BN@IsK:WpI}?CFE?@d^¾:�E]± iFCFE?@
mo:WB0@A;>sL¯k:�}?JZ@dBZ�W;�XNCF:WEeH

Î Ï�Ð
Ñ�Ò¾ÓIÔ¾ÕwÖÊÑ�Ï]ÓIÐ
×
@k;>BZ@�sK:WE?sd@KBZE?@d^8CFEDXZ¯_C�J�=P;>=P@KBI«0CFXN¯DXZ¯_@k;�=_=?iFC�s
;�XZCF:�E
:�m(pIM_i�XNCF=?iF@Rp�:u^_@KiFJAOfJZ=�@KsKCØÍ?±
sA;>i�iF\�XN¯?@0¿�CF@KBL;�BNsh¯_C�s
;�iUx|CF©uXNM?BZ@dJ&:>mÙ�#©]=�@KBZXNJAO]XN:�XZCFp�@�JZ@KBNC�@dJ&=?BN@K^?CFsKXNC�:�EeO�JZ=�@KsKCØÍPsA;>i�iF\�XZ¯?@
=?BN:W}?iF@KpÉ:�m&=?BN@K^?CFsKXNC�E_t¾;�sK:�M?JZXNCFsR��@KsKXZ:�BZJ�mÚ:WB�M?JZ@ICFE�JZ=�@K@KsL¯
sK:]^?CFE?t�HR90¯_@KBZ@I¯P;
��@R}�@K@KE
;»EuM_pI}P@KB�:�m(;>=?=?iFCFsA;�XNCF:WE?J�:>m(pIM?iFXNC�=_i�@�p�:]^?@di�J�C�EÄXZCFp�@IJN@KBZCF@KJ�=?BZ@d^?CFsKXZCF:WEfH
~ÛsKi½;�JNJZCFs
@K©?;�p�=?iF@�C�J�XN¯?@wÜUÝ_ÞZßdàZÝ?á�âFãIä�åuæÚáWÞNßlçWÞNßKàLàKè½é
ßRê�áAã�ßKâcÀë9�~�®�Á�«0¯?CFsL¯�«ì;>J�M?JN@K^
}]\k9#:�E?tkÃ



bUCFp�ÀN�A��¦W§WÁ�XN:
=?BZ@d^?CFsKX�JNM?E?JZ=�:WX|;�sKXNCF�uCFXl\]H`xy:WBZ@»BZ@KsK@dEuXNiF\uO�bÙ@K«0CFJAO�a�;
\`;>E?^8S]XZ@K��@KE?J
ÀZè��4×
@KCFtW@dE?^DÃÛG�@KBNJZ¯?@KEnmo@KiF^ ÀZ�A����£]ÁZÁ�^?@dJZsKBNC�}�@|XZ¯?@|M?JN@�:>m(x|M?iFXZCF�W;�BNC½;�XZ@�;>E?^D®0@dtWBZ@dJl±
JZCF:�EkS]=?iFCFE?@KJ�ÀÚx|~(®%S?Á�XZ:�XZ¯_@�=?BZ@d^?CFsKXZCF:WE|:>memoM?XNM?BZ@��W;>i�M_@KJ&:>mcsKM?BZBN@KE?sK\|@K©]sL¯P;>E?tW@�Bh;>XZ@KJ
H
¨fCFEP;�iFiF\uOfCFEDJN=P@K@dsh¯ =?BZ@K^_C�sdXZCF:WEeO�{�M?=�@KBZp|;�E`ÃÉG�@KBNJZ¯?:8ÀN�A�W¦��WÁ�^_@KJZsKBNCF}P@4XN¯?@4S]«0CFXZsL¯?@K^
jlE]XZ@KB²±omÚBh;�p�@0Ëc@KsKXN:WB0q#BZ@d^?CFsKXZCF:WE�ÀoS]jlË�qcÁ�p�@KXN¯?:]^I«0¯?CFsh¯�JZ«0CFXZsL¯?@dJ&}�@KXl«�@K@KE|JZ@K=�;�Bh;>XZ@�iFCFE]±
@A;>B�=?BZ@d^?CFsKXZ:�BZJIXZBL;�CFE?@K^
:�E
^?C�� @dBZ@KE]X�JZXh;>XZCFJZXNCFsA;�icsdi�;>JZJN@KJI:�m0JZ=�@K@KsL¯eH»90¯?@Imo:�BZpÉ:�m0XZCFp�@
JZ@dBZCF@KJ0=?BN@K^?CFsKXZCF:�E�«�@�JZ¯�;�iFiPsd:WE?JNC�^_@KB&CFEIXN¯?CFJ&=P;>=P@dB&CFJ�XZ¯?@�à è��Wç�âFß�àKæoß���� ÞZßLã�è��AæÚè½á	��
� (t) :>m�;moM?XNM?BZ@�
]MP;>EuXNCFXl\ � (t) O]}]\�sK:�E?JZCF^?@dBZCFE?tIXZ¯_@(=_BZ@K�]CF:WM?J p

Jh;>p�=?iF@KJ
He90¯?CFJ0p|;
\R}�@��uCF@K«�@K^4;�J
;�BZ@dtWBZ@dJZJZCF:�E¾=?BN:W}?iF@Kp :��W@dB�CFE?=?M?X²± :�M?XZ=_M?X0=P;�CFBNJ���� (t), � (t) � N

t=0
«0¯?@KBN@�� (t) C�J%XZ¯?@'â��Aç�é
ß����æÚáWÞ

( � (t � 1), � (t � 2), …, � (t � p))
HR×
@�pk;
\�=P@dBlmo:�BZp XN¯?CFJ�BZ@dtWBZ@dJZJZCF:�E
M?JZCFE?t|JZXL;�E?^�;�BZ^�iFCFE?@A;�B

p�:]^?@di�J�JNM?sL¯D;�J�XN¯?@I~�M?XN:�±Z®0@Kt�BZ@KJNJZCF�W@�À½~�®�Á�p�:u^_@Ki#:WB��]C½;�E?:WE?iFCFE?@A;>B�p�:]^?@KiFJ�JNM?sL¯`;>J
sK:�E?E?@KsKXNCF:WE?CFJZX+mo@K@K^]±Úmo:�BZ«0;�BZ^�:WB�BZ@KsKM_BZBZ@dEuX�E?@KXl«�:WBN[]JAH#90¯?@�¿(x4��:���@KBZsd:Wp�@dJ+;%E]M?pI}�@KB#:�m
=?BN:W}?iF@Kp�J�;�JZJN:]sKC½;�XZ@d^¾«0CFXZ¯»XZBh;>^?CFXZCF:WE�;�iUsK:�E?E?@KsKXNCF:WE?CFJZX�p�:u^_@KiFJ0�uC½;�CFXZJ�;�BNsh¯_C�XN@KsKXNM?BZ@�;>E?^
JZXL;�XNC�JNXZCFsA;>i?moBL;�p�@K«&:�BZ[UHe®V@KsK@KE]XZiF\]OWÂ�:WBN^P;�E|Ã8Â];�sK:�}?J(ÀN�A����£uÁ�;�E?^I×D;>XZ@KBN¯?:WM?JN@(Ã ®0:�}?CFE]±
JZ:�E8ÀZ�
�W��£]Á�¯P;
��@IJZ¯?:�«0E
XN¯P;�X��]C½;|XN¯?@k�cx*;>iFtW:WBNCFXZ¯?p ;�E?^D;4�>E?^
:WBN^?@KB�:W=?XNCFp�CFYA;�XNCF:WE
JZsL¯?@dp�@�[]E?:�«0E4;�J%jlXZ@KBL;�XNC���@KiF\4®0@K«�@KCFtW¯]XZ@d^¾bU@A;>JZX�S�
]MP;�BN@KJIÀ½jZ®�bfS?ÁKO_XZ¯?@�¿(x4� CFJ�m ;�JNXZ@KB
XZ¯�;�E�JNXh;>E?^P;�BN^4x|M?iFXZCFi½;
\W@KB0qf@KBZsd@K=?XZBN:WE?J�Àox4bfqcÁ�}]\�;�X0iF@A;>JZX0;�E�:�BZ^?@dB�:�mep|;�t�E?CFXZM?^?@0:�E
BZ@dtWBZ@dJZJZCF:�Ew;>E?^|sKi½;�JZJNCØÍPsA;�XNCF:WE|Xh;>JZ[]J�BN@KJZ=�@KsKXNC���@KiF\uH�Â�:WBZ^�;�E¾Ã6Âu;>sK:W}_J(;�iFJN:R^?@dJZsKBNC�}�@I�W;�B²±
CF:WM?J0p�@KXZ¯_:u^_J0XZ:I�]CFJZMP;>i�CFJN@(XN¯?@�iF@A;>BZE]X0JZXNBZM?sKXNM?BZ@�:�mcXN¯?@�¿(x»�Å�]C�;��T^?@K�]C½;�E?sd@�XZBN@K@KJ��U;>E?^
¯?CFJZXN:Wt�Bh;�p�J�:�m�=�:WJNXZ@KBNCF:WBI=?BN:W}P;>}?CFi�CFXNC�@dJAH�jlEDXN¯?CFJR=P;>=P@dBI«&@�=?BZ:��]CF^?@ImÚM?BZXN¯?@KBI@K©?;�p�=?iF@KJ
:�m�XN¯?@�JNXZBNM?sKXZM_Bh;�i%BZ@Ki½;>XZCF:WE?JN¯?CF=
:�m�XN¯?@�XNBh;�CFE?@d^D¿(x»�2;�E_^DXZ¯_@�CFE?=?M?X²± :�M?XZ=_M?XRJN=P;�sd@�CFE
XZ¯_@�mo:�BZpÛ:>m(ß�� �?ßAÞKæ!�"�
æoèëé���æoè½á	�#��â�á�æ½àKH�jlE
;�^?^?CFXNC�:�E4«�@�^?@KJNsKBZCF}�@�¯?:�« XN¯?@R¿�x4� sA;�E�}P@
@K©]XZ@dE?^?@K^
XN:�tWCF��@�iF:us
;�ie@dBZBZ:�B�}P;�BNJ(:�B�p�@A;�JNM?BZ@KJ�:>m&sK:WEnÍP^?@KE?sd@IC�E»BZ@Kt�BZ@KJNJZCF:WE
;�E?^»XZCFp�@
JZ@dBZCF@KJ�=?BZ@K^_C�sdXZCF:WE�=?BZ:�}?iF@Kp�J
He¨fC�E�;�iFiF\uO
«�@0^?@KJZsdBZCF}P@�XN¯?@0@K©]XZ@KE_JZCF:WE�:�mUXZ¯?@%¿(x4��XN:R;�sK:�M?Jl±
XZCFs0��@KsKXZ:�B0=?BZ@d^?CFsKXZCF:WEfOu;>E?^�;�Ë�Ì sK:]^?CFE?t�JNsL¯?@Kp�@%«0¯?CFsL¯IM?XZCFiFCFJZ@KJciFCF[W@di�CF¯?:]:]^�C�Enmo:WBNpk;�XNCF:WE
moBN:Wp�XN¯?@�¿(x»�0H

$ %�Ï'&�Ò ´ Ò�Ö�%�Ï]Ö ´)(+* Ï",4ÑIÕ|Ò-&#.8Ó0/1&�,32�&�ÒÊÑ4.
90¯?@�¿�x4�Å;�BNsh¯_C�XN@KsKXNM?BZ@|Ào¨fCFtWM?BN@I�AÁ�CFJ0}P;�JN@K^4:�E�XZ¯_@�=?BZCFE?sdC�=_i�@�:>m5�T^?CF�]CF^?@(;>E?^|sK:WE6
uM_@KB��
CFED«0¯?CFsL¯8;�i½;�BZt�@WOc¯�;�BZ^ÅXN:
JZ:WiF��@k=_BZ:W}_i�@dp CFJI}?BZ:�[W@KEÅM?=ÅCFE]XZ:
pk;>E]\uOfJZp|;�iFiF@KBAO#@A;>JZCF@KB
XZ:�JZ:�iF�W@|=?BZ:�}?iF@Kp�J
H
jlXIsK:�E?JZCFJZXNJ�:>m ;»JZ@KBNC�@dJ�:�m��T@K©]=P@KBNXIE?@KXl«�:WBN[uJ7�c«0¯?CFsL¯8;�BN@kXNBh;>C�E_@K^
:WEÄ^?C�� @dBZ@KE]X�=�;�BZXNJI:�m�XZ¯?@4CFE?=_M?XRJN=P;�sd@WH890¯?@|:�M?XZ=?M_XZJI:�m�XZ¯?@»@K©]=P@KBNXZJ|;�BZ@|sK:�pI}?CFE?@K^
}]\¾;3�Tt];�XZCFE?t�E?@KXl«�:WBN[8�Ù«0¯?CFsh¯»C�J�XNBh;�CFE?@d^¾XN:kJNXZ:]sL¯P;�JNXZCFsA;>i�iF\4JN@KiF@KsKX�XN¯?@I@K©]=�@KBZX�«0¯_C�sL¯�CFJ
=�@KBlmo:�BZp�C�E_tI}P@KJNX�;�X�JN:WiF�]CFE?t�;I=P;>BZXNC�sdM?i½;�B�=�;�BZX%:�m&XN¯?@�=?BZ:�}?iF@Kp¾H�90¯?@�:W=�@KBh;>XZCF:WE»:�mcXZ¯?@
¿(x»�ÅCFJ(;�JVmo:WiFiF:�«0JA��XZ¯?@�tu;�XNCFE?tIE?@KXl«�:WBN[uJ�BN@KsK@KCF�W@�XZ¯_@RCFE?=?M_X��W@dsKXZ:�BZJ9� (t) ;�E?^4=_BZ:]^?M?sK@;�J#:�M?XZ=?M_XZJc=?BN:W}P;>}?CFiFC�XNCF@KJ

P(mj : x(t), ηj)
mo:WB#@A;>sh¯IiF:]sA;>iu}_Bh;�E_sh¯

mj
:�me;�JNJZCFtWE_C�E_t(XN¯?@�sKM?BZBN@KE]X

CFE?=?M?X%XZ:|XZ¯_@R^?C��U@KBZ@dEuX�}?Bh;>E?sL¯?@KJAOf«0¯?@KBN@
ηj
;�BN@RXN¯?@�tu;�XNCFE?tIE?@KXl«�:WBN[4=P;�BL;�p�@KXZ@KBNJAH�90¯?@

@K©]=�@KBZXIE?@dXl«&:�BZ[]JIJZCFXI;�X�XZ¯?@�i�@
;
�W@KJ�:�m�XZ¯?@�XZBZ@d@¾;�E?^
@
;�sL¯Å:WM?XN=?M?XI;4��@KsKXZ:�B;
� (t)
j
tWCF��@KE

CFE?=?M?X��W@KsKXN:WB<� (t) ;�E?^I=�;�Bh;>p�@KXN@KBZJ θj
He90¯?@dJZ@�:WM?XN=?M?XNJì;>BZ@�sd:WpI}?CFE?@K^�CFE�;�«�@KCFtW¯]XZ@K^IJNM?p

}]\
P(mj : x(t), ηj)

XZ:
t�CF�W@�XN¯?@|:��W@KBL;�iFi�:WM?XN=?M?XI�W@dsKXZ:�BImo:�BRXN¯?CFJIBZ@Kt�C�:�EeHÄ90¯?CFJR=?BN:]sK@K^?M?BN@
sK:�EuXNCFEuM_@KJ�BN@KsKM?BNJZCF�W@KiF\ÅM?=]«0;�BZ^_J�XZ:
XN¯?@�BZ:]:WXIE?:]^?@�H jlE XZCFp�@�JZ@KBNC�@dJk=_BZ@K^?CFsKXNCF:WEeO�@A;>sh¯
@K©]=�@KBZX

j
CFJì;�iFCFE?@A;>B&JNC�E_tWiF@�i�;
\�@KB�E?@KXl«�:WBZ[�«0CFXZ¯|XZ¯?@ mo:WBNp¾�


� (t)
j = θj

� (t)

«0¯?@KBN@
θj
CFJ%pk;�XNBZCF©k;>E?^=� (t) CFJ%XZ¯?@�i½;�tI�W@dsKXZ:�B(^_C�JNsKM?JNJZ@K^
@A;>BZiFCF@KBAO�«0¯?CFsL¯�C�J%CF^?@KE]XZCFsA;>ieCFEmo:�BZp�XN:�;�E|~(® p�:]^?@KilH



(1)

µ

µ

µ

g

gNetwork
Gating
Top

Node

  x

(0)

  x

µ µ

Expert  
NetworkNetwork

Expert  

Gating
Network

g

g |

|

  x

  x

|

  x   x

µ µ

Network
Gating

Expert  
NetworkNetwork

Expert  

g |

g

  x

Σ

Σ Σ

1

2

1 2

21

(2,1)(1,2) (2,2)

(2)

21

2

22

2

1211

(1,1)

2 1

1 1

(1)

Node
(2)

Node

¨fC�t�M?BZ@I�����������	�
����
��������
��
������
�������������� ��"!#������$&%
' �)(+*f�K�A�>���P�
�A��,��½�.-./0*
S]CFE?sK@�@A;�sL¯�@K©]=P@KBNX�C�J�;�E|~(® p�:]^?@KilO]CFX0mÚ:WiFiF:�«0J&XN¯P;�X%XZ¯?@�:�M?XZ=_M?X�:>m&@A;�sL¯4@d©u=�@KBNX

ˆ� (t) CFJXZ¯_@0@K©]=P@KsdXZ@K^��W;�iFM?@�:�mPXN¯?@0:W}?JN@KBZ�W;>XZCF:WE_J � (t) ;>X�@
;�sL¯IXZCFp�@ t
HU90¯?@0sK:�E?^?CFXZCF:WE�;�i]iFC�[�@KiFCF¯?:]:u^

:�m � (t) tWCF�W@dEkXN¯?@�CFE?=?M?X�;>E?^�@K©]=�@KBZX mj
CFJ

P( � (t) : � (t), mj, θj) =
1

: 2πCj : exp

132
1
2

( � (t)

2
ˆ� (t)

j )TCj(
� (t)

2
ˆ� (t)

j ) 4
«0¯?@KBN@

Cj
CFJcXN¯?@0sK:��W;�BNC½;�E?sK@0p|;�XNBZCF©%mo:WB#@K©]=�@KBZX

mj
«0¯?CFsL¯RCFJcM_=P^P;>XZ@K^�^?M?BNC�E_t(XNBh;>C�E_C�E_t ;>JA�

Cj =
15
t h(t)

j 6 t

h(t)
j ( � (t)

2
ˆ� (t)

j )T( � (t)

2
ˆ� (t)

j )

«0¯?@KBN@
h(t)

j
;�BN@�XZ¯_@(=�:WJNXZ@KBNCF:WB�=?BZ:�}P;�}?CFiFCFXZCF@KJ 1 :�m#@A;�sL¯�@d©u=�@KBNX mj

H#9+;>[]C�E_t(XN¯?@�p�:Wp�@KE]XZJ#:�m
XZ¯_@R:���@KBh;>i�iUiFCF[W@di�CF¯?:]:]^�:>m&XZ¯_@�¿(x4� tWCF�W@KJ%XZ¯?@�:WM_XZ=?M?X%:�mcXZ¯_@R¿�x4�8;�J%XZ¯?@�sK:WE?^_C�XNCF:WEP;>i
@K©]=�@KsKXZ@d^¾�W;>i�M_@�:�m#XZ¯?@�Xh;�BNtW@KX0:�M?XZ=_M?X � (t) O

ˆ� (t) = E( � (t) : � (t), 7 , M)

= 6 j

P(mj : � (t), η8 )E( � (t) : � (t), θ8 , mj) = 6 j

g(t)
j ˆ� j

(t),

×8¯?@dBZ@
M
BZ@K=_BZ@KJN@KE]XZJIXZ¯_@I:��W@KBL;�iFi#¿(x4� p�:]^?@Kic;>E?^

Θ
XZ¯?@I:���@KBh;>i�i#JN@KX�:�m�=P;�BL;�p�@dXZ@KBNJAH

9c;�[]CFE?t�XN¯?@�JZ@dsK:WE?^»sK@KE]XZBL;�iep�:Wp�@KE]X�:>m � (t) tWCF�W@KJ
O
C = E(( � (t)

2
ˆ� (t))2 : � (t), 7 , M)

= 6 j

P(mj : � (t), η8 )E(( � (t)

2
ˆ� (t)

j )2 : � (t), θ8 , mj)

= 6 j

g(t)
j ( 9 8 + ˆ� (t)

j . ˆ� j
(t)T

)

2
ˆ� (t). ˆ� (t)T

1 : �&�.;=<"����>?
�@BAC<"
"����DE$GF&HIH"JLKM�N�O��
G�)�?�P�
����>��
$����E$�$��
��@Q�O�R!#�I$��������
����!?����DE
�D?�P�P�
���S�&$G
O@�>T�P�PU���V�P�P�E����>�$W�P@X���E���&��@?�������W�������E���W�T 	%



«0¯?CFsL¯Rt�CF�W@KJ
O�CFER;%^?CFBZ@KsKX+m ;�JN¯?CF:WEeO
XZ¯_@0sK:��W;�BNC�;>E?sK@�:�mPXN¯?@�:WM?XN=?M?Xct�C���@KE�XN¯?@0CFE?=?M?Xc;�E_^�XZ¯?@
p�:]^?@di H�jÚm&«�@I;�JZJNM?p�@�XN¯P;�X%XZ¯?@�:W}?JN@KBZ�W;>XZCF:WE_J ;>BZ@�t�@KE?@KBL;�XN@K^
}]\y;>E
å �_ãWß
ÞLâ���è���ç�p�:]^?@KilO
«0¯?CFsL¯8tW@dE?@KBh;>XZ@KJ4;>sKsK:WBN^?CFE?tDXN:
JZ:�p�@�moM?E?sdXZCF:WE

ƒ(
� (t))
;>E?^8sK:�BZBNM?=?XZ@d^ }]\ÅYK@KBN:Dp�@
;�E

E?:�BZpk;>iFi�\I^_C�JNXZBNC�}_M?XZ@K^�E?:�C�JN@
n(x)
«0CFXN¯4sK:WE_JZXh;>E]X(sd:��W;�BZC½;>E?sK@

Σ
O�XZ¯_@KE¾XN¯?@�sK:��W;>BZC½;�E_sK@R:>m

� (t) CFJ0tWCF�W@dE�}]\uO
V( � (t)) = V(ƒ(t)) + Σ,JZ:�XZ¯P;>X�XZ¯?@�sK:��W;�BNC½;�E?sK@�sK:Wp�=?M?XZ@d^4}]\kXN¯?@�p�@KXN¯?:]^¾;�}�:��W@WO

V( � (t))
O�Xh;�[�@KJ�CFEuXN:�;�sKsd:WM?E]X

XZ¯_@�p�:]^?@di�iFCFE?t�@KBZBN:WB�;�J�«&@KiFi0;�J�XZ¯?@�M?E?sK@dBZXh;>CFEuXl\
^_M?@�XN:4XZ¯?@�E?:WCFJN@WH�×
@KCFtW@KE?^DÃ g�CF©
ÀZ�
�W�>£uÁ�;�iFJZ:»sA;�iFsKM?i½;>XZ@I@KBNBZ:WB�}P;>BZJ�M?JZCFE?t4;�EDx»beq sd:WE?JNC�JNXZCFE?t4:>mV;yJZ@KX�:�m�XL;�E?¯
¯?CF^?^_@KE
M?E?CFXNJ�XZ:|@KJNXZCFpk;>XZ@�XZ¯?@IsK:�E?^?CFXZCF:�EP;�icp�@A;�E�;�E?^D;>Ew;>M?©]C�iFC½;�BN\|JZ@KX�:>mìXL;�E?¯
¯_C�^_^?@KE
M?E?CFXNJ
XZ:»@KJZXNC�p|;�XN@RXN¯?@��W;>BZC½;�E?sd@WO�;>JZJNM?p�CFE?t|E?:�BZpk;>iFi�\�^?CFJZXNBZCF}?M?XN@K^D@KBNBZ:�BZJAH��%M?B�«�:WBZ[�^?C��U@KBZJ
CFE¾XN¯P;�X�XZ¯?@KBN@|C�J�E?:�;�JZJNM?p�=_XZCF:WE4:>m�E?:WBNpk;>i�CFXl\�C�E�XZ¯_@�@KBNBZ:WB�^?CFJZXNBZCF}?M?XNCF:WEeOUBL;�XN¯?@KB�XZ¯P;>X
XZ¯_@4@KBZBN:WBNJ�:�m�XZ¯?@»XZ@KBNp�CFEP;�i�@K©]=�@KBZXNJy;>BZ@|^?CFJZXNBZCF}?M?XN@K^8E?:�BZp|;�iFiF\uOf«0CFXZ¯DXN¯?@4XN:WXh;>i0@KBZBN:WB
^?CFJZXNBZCF}?M?XNCF:WE�}�@KCFE?t�;�p�C�©]XNM?BZ@%:�m�E_:WBZp|;�i�^?CFJZXNBZCF}?M?XNC�:�E?JAH
� .eÏ * Õ (�´ Ñ�Ï]ÓIÐ .
jlE|:WBN^?@KB�XN:R^_@Kp�:�E?JZXNBh;�XN@�XZ¯?@�M_XZCFiFC�Xl\I:>m�:�M?B�;�=?=_BZ:u;>sL¯kXN:I�W;�BNC�;>E?sK@%@KJZXNC�p|;�XNC�:�E�«�@�sK:WE]±
JZCF^?@dB�:WE_@(XN:�\IBZ@Kt�BZ@KJNJZCF:WE»=?BZ:�}?iF@Kp ;>E?^�:�E?@�XNC�p�@0JZ@KBNCF@KJ�=?BN@K^?CFsKXNC�:�E4=?BN:W}?iF@Kp�H
� �)(��e�	��
#�A�>�
�½���������	���?�P�N�K�����K�P�d�A���N�����_���Z�

0 2
−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

x

f(x
)

0 2
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

x

y(
x)

0 2
0

0.02

0.04

0.06

0.08

x

(y
(x

)−
f(x

))^
2

0 2
0

0.2

0.4

0.6

0.8

1

x

Va
ria

nc
e

¨fCFtWM?BN@y�_��� ����� ����� 
O@��&�T�O@ ���E�������Q>�
I��
 $��&�.��� 
� ��
�"!"��� D��P@E
���� �W�T 	%W;N
LKG����
��P@?�P@$# $��&�;N>?�"��$�K�
�@E>���@E>?�����%�"�P@$#��S��@E�&���
��@
ƒ(x)

;N$����P�
>EK'& ;)D#KR�?@�>?�����%�"�P@(#��)�?@��&���
�O@0;N$��O�P�
>�KW
O@�>.!�����> �
�&���
�O@
y(x)

;N>?
"$��E�&>EK'& ;N�OKR$*)"�E
����&>T>?�"!"�

"���
�O@ �O�3!?���&>��
�&���
��@X�)���+�C��@E>?�����%�"�P@$#��S��@E�&���
��@,&3;N>EK��������W@E���
$��
!O
����

O@��&�.;N$����P�
>EKW
�@E>-!O
����

O@��&����� !?���&>��
�&���
��@ ;N>?
"$��E�&>�K�%
��\
«ì;
\4:>m�sK:Wp�=P;�BNCFJZ:WEfOU«&@�M?JZ@d^DXZ¯_@�Jh;>p�@�XZ:�\�=?BZ:�}?iF@Kp ;�J�×
@KCFtW@KE_^wÃ g%C�©ÅÀZ�
�W�>£uÁ
«0¯?CFsL¯
sK:WE_JZCFJZXNJ�:�m

1000
XNBh;>C�E_C�E_tk=�:WCFE]XZJ�;�E?^

10000
JZ@K=P;>Bh;>XZ@�@d�W;�iFMP;�XNCF:WE4=�:WCFE]XZJ�mÚBZ:Wp



XZ¯_@�mÚM?E?sKXNC�:�E
g(x)
«0¯?@dBZ@

g(x)
sK:�E?JZCFJZXNJ0:�mc;�[]E?:�«0E�M?E?^?@KBNiF\uCFE?t�moM?E_sKXZCF:WE

ƒ(x)
sK:�BZBNM?=?XZ@d^

}]\�E?:�BZp|;�iFiF\�^?CFJZXNBZCF}?M?XN@K^|E?:WCFJZ@
N(0, σ2(x))

O
ƒ(x) = sin(2. 5x) × sin(1. 5x), σ2(x) = 0. 01 + 0. 25 × [1

2
sin(2. 5x)]2.

~�J#sA;>ER}�@�JZ@K@KEI}]\R¨fCFtWM_BZ@0�?O
XZ¯?@�¿(x»�4¯P;>J#i�@
;�BZE]X#XZ:�;�=?=_BZ:�©]CFpk;�XN@#}P:�XZ¯�XZ¯?@�M?E?^?@dBZiF\]C�E_t
moM?E_sKXZCF:WE�;�E?^4XN¯?@I;�^?^?CFXNC���@�E?:�C�JN@R�W;>BZC½;�E_sK@WH%90¯?@R^_@K�]C�;>XZCF:WE|:>m&XZ¯?@�@KJNXZCFpk;>XZ@K^4�W;>BZC½;�E_sK@
moBN:Wp�XZ¯?@��NXZBZM_@��IE?:WCFJN@��W;�BNC½;�E?sK@%pk;
\�}�@�^?M?@%XZ:�XZ¯?@�;�sdXZMP;>iUE?:WCFJZ@%�W;�BNC�;>E?sK@%}P@KCFE?t�iF:�«&@dB
XZ¯�;�E|XZ¯?@�p|;�©]CFpIM?p ^?@KE?:�XZ@K^»}u\�XZ¯?@�JN:WiFCF^�iFCFE?@�;�X��W;�BZCF:�M?J&=�:WCFE]XZJ
H
� � ' ���?���*�U�W�Z�

1920 1930 1940 1950 1960 1970 1980
0

0.5

1

Year

S
un

sp
ot

 A
ct

iv
ity

1920 1930 1940 1950 1960 1970 1980
0

2

4

6

8

Year

E
xp

er
t

¨fCFtWM?BN@�¥?� � �����N�O��� 
�@E�&� ��@Q���E�
Sunspots

>�
I��
T$��&�&%X;N
�K��W������
O���R
O�P����$ ;N�?K�
�@E> !?���&> �
�����&>
!O
��P�E�&$�;N��K	���
��� �������O��D�
O��$&%	;)D#K	� �&���%!O
"���
�O@T��� ����� �&�"!#������@��&�
������U?$���DE
���$
���
>?�W�P@ ������!"�������
�&
O�
"�"�
$��P@E> �
��
"��� $������O@$# 
I�&���%!O
"���
�O@3%�� �"���
�&�	����� �&�"!#���������&��@E�&��@?����
I���&$	��@T���E�W�P�?�P�
$ �P@T���E��$������
�&$
�����P�
���&�"!#�������G>?�&
��
$����
���X�����W!#��
�U?$&%

x4�#90¿ ��Q g(x»S?�<�
9#Bh;�CFE 9#@KJZX
�
vW§�§
±K�A�W��§ �
�W�_�L±K�A�W��� �A���Wª�± �
�WvW�

x4beq §?HT§W¦�� §_H §�¦Wª §_H ¥��
9#~�® §?HT§W��v §_H §��Wv §_H ��¦
¿(x4� §?HT§Wª_� §_H §�¦W� §_H ��v

9c;�}?iF@I�W���	�&$��?�
��$�����$��P@(#��
�.$�����!T!?���&>��
�&���
��@Q�O@X�����
Sunspots

>?
"��
.$��&� �E$��P@(#�
 �G�
�����?���G�O����&�"!#������$ ;�F��"J !E
���
�� �&������$�KW
O@�>B
 �

�#-!"�&����������� F�� �I�&
���$&%�� � :  �� �
$����E��� � :  @��O��� 
��P�
$���>D �.����� !O
O���

�@E�&� �������E����@?���P�������&�&�O��> F������.����F�H���H?%



90¯?@
Sunspots2 XZCFp�@cJN@KBZCF@KJ�sK:�E?JZCFJZXNJc:�mU\W@
;�BZiF\�JNM?E?JN=P:�X&;�sKXNCF�uCFXl\�mÚBZ:Wp��
vW§�§�XN:I�A�Wv���;>E?^«0;�J0Í�BZJZX%Xh;>sh[]iF@K^4M_JZCFE?tIsK:�E?E?@KsKXNCF:WE?CFJZX�p�:u^_@KiFJ&}]\|×
@KCFtW@KE_^eO?¿%M?}P@dBZpk;>E4Ã<®VM?p�@di�¯�;�BZX

ÀZ�
�W��§WÁ�«0¯?:RM_JZ@K^4;��A�
±Z¦
±K��x4bfq8ÀN�W�A¥�=P;>Bh;�p�@KXZ@dBZJhÁdHcq#BZCF:�B&XN:IXZ¯?CFJ�«&:�BZ[UO]XZ¯?@�9#~(® «ì;>J
M?JN@K^4}]\|9�:�E?t|ÀZ�A���W§�ÁKH��%M?B%BZ@KJNM?iFXZJ
OP«0¯_C�sL¯4«�@KBN@�:W}?XL;�CFE?@K^|M?JNCFE?tk;�BL;�E?^?:�priF@A;
��@I�A§��
:WM_X0sKBZ:�JZJ��W;�iFCF^P;�XNCF:WEIp�@dXZ¯?:]^eO�;�BZ@�JZ¯?:�«0E|CFE|9+;>}?iF@I�WH�×
@�;�BZ@�sK:WE?JNCF^?@KBZCFE?tI:�E?iF\4àKè��Wç>â�ß
àKæoß��k=_BZ@K^?CFsKXNCF:WE�:WE|XZ¯?CFJ�=?BN:W}?iF@Kp�O]«0¯?CFsh¯»C�E]��:WiF�W@KJ0=_BZ@K^?CFsKXNCF:WE�:�mcXZ¯?@�E?@K©]X��W;�iFM?@�}P;>JZ@K^
:WE|;�JZ@KX0:>m�=?BN@K�]CF:WM?J0�W;>i�M_@KJ0:�m#XZ¯?@�XZCFp�@0JZ@KBNC�@dJAH �%M?B0BZ@KJNM?iFXZJ�;�BZ@�@K�W;>iFMP;�XN@K^�CFE�XN@KBZp�J0:�m
��á�ÞKê���â�è�à ßLã���ß �"�����
å ��ÞZßLã�	0ÞdÞZáWÞ�À½g�x4S?�cÁ'À½×
@KCFtW@dE?^¾@dXR;�ilH#�A���W§WÁdOU«0¯?CFsL¯¾CFJ�^_@LÍPE?@K^
;�J%XZ¯?@�Bh;�XNCF:�:�mcXN¯?@R�W;>BZC½;�E_sK@�:�m&XN¯?@�=?BN@K^?CFsKXZCF:�E4:WE4XN¯?@�XN@KJZX�JZ@dX(XN:�XN¯?@��W;�BNC½;�E?sK@�:�mcXZ¯?@
XZ@dJZX�JN@KX�CFXNJZ@KiØmhH
90¯?@%¿(x4�È:WM?XN=P@KB²mo:WBNp�Jc}�:WXN¯�XN¯?@�9#~(® ;�E?^�XZ¯?@�x4beqÈ:WEIXZ¯_C�J�=?BN:W}?iF@Kp�OW;�E?^�;>^?^?CFXZCF:�E]±
;�iFiF\�=?BN:��]C�^_@KJc}�:WXZ¯ICFE]mÚ:WBZp|;�XNC�:�ER;�}�:WM_XcXZ¯?@0JNXZBNM?sKXZM_BZ@�:>m XN¯?@�E?@dXl«&:�BZ[I;
moXN@KB&XNBh;>C�E_C�E_t(�]C½;
XZ¯_@R@K©]=�@KBZX�;>sKXZCF�W;�XNCF:WE|=?iF:WX�;>E?^4@KBNBZ:WB�}P;>BZJ�:�mcXN¯?@R=_BZ@K^?CFsKXNCF:WE?J
Oe;�J%JZ¯?:�«0E4CFE¾¨fCFtWM_BZ@R¥_H
¨_M?BZXN¯?@KB�C�p�=?BZ:���@Kp�@dEuXNJUpk;
\�}�@0=�:WJZJNCF}?iF@0}u\�M?JNC�E_t�iFC�[�@KiFCF¯?:]:u^�C�Enmo:WBNpk;�XNCF:WE�^?M?BNC�E_t�sKBZ:�JZJ
�W;�iFCF^P;>XZCF:WEIJN:IXZ¯P;>Xì;0¬L:�CFEuX�:W=_XZCFp�CFJh;>XZCF:WE�:�m#:��W@KBL;�iFiU@KBNBZ:WB�;�E?^|�W;>BZC½;�E?sd@�CFJ�;�sL¯?CF@K��@K^eH


 . 2�&9&IÖ�%�Ö�ÓÊÔ»Ï�Ð��*Õ .eÏ�Ð
� % * &

jlE�XZ¯?@0JNXh;�E_^P;�BN^Ip�@KXN¯?:]^R:>m bUCFE?@A;>B&q#BN@K^?CFsKXZCF��@�{�:u^_C�E_tRÀobfqc{0Á0ÀÚx4;�[]¯?:�M?ie�A��vW��ÁKO
JZ=�@K@KsL¯
CFJc=P;>Bh;�p�@KXZ@dBZCFJZ@K^�CFEuXN:�;�JZ@KX0:>m ��@KsKXN:WBZJ0:>m ^_M?Bh;>XZCF:WEI:�E?@0moBL;�p�@(ÀÚ;�BZ:�M?E?^

10
p�JhÁdHe× ¯?CFi�JNX

JZCFp�=?iF@0JZsA;>i�;>B<
]MP;�E]XZCFYA;>XZCF:WE�:�m#XZ¯?@�beq�{8��@KsKXZ:�BZJ%sA;�E|;�sL¯?CF@K�W@�}?CFX0BL;�XZ@dJ0:�m+;>BZ:�M?E?^4��£]§W§
}?CFXZJ�=�@KBIJZ@Ksd:WE?^ À½}?=?JLÁKO��&:�E?tPO#Q�;
�uCF^?JN:WEDÃÛG�@dBZJZ¯_:`ÀN�A�W¦�¦WÁ�¯�;
�W@�JN¯?:�«0EDXN¯P;�X�JZCFp�=?iF@
iFCFE?@A;�BU=_BZ@K^?CFsKXNCF:WE�:>m_bÙCFE?@cS]=P@dsKXZBL;�i?q#;�CFBZJ�ÀobeS_qcÁcÀÚS]:]:WE?t�ÃÄÂWM�;�E?t��
�W¦�£]Á��W@KsdXZ:WBNJfmo:WiFiF:�«&@d^
}]\|Ëc@KsKXN:WB(Ì%MP;>E]XZCFYA;�XNCF:WEDÀëË�Ì(Á�À½~%}?M?XAOUG�BL;
\4Ã<®V@K}�:WiFiF@K^?:4�A��¦�£]Á�:�mcXZ¯?@�@KBNBZ:WB���@KsKXZ:�BZJ
sA;>E
\uCF@KiF^�}?CFX�Bh;�XN@KJ�:>mV;>BZ:WM_E?^D¦W§�§I}?=?J
H�jlE�XZ¯_C�J�=P;�=�@KB�«�@I^?@KJNsKBZCF}�@k;�JZ=�@K@KsL¯Dsd:u^_C�E_t
moBL;�p�@d«&:�BZ[�«0¯?CFsL¯�M_JZ@KJ0XN¯?@�¿�x4�
CFEIXl«�:�JZXL;�tW@dJAH&¨fCFBZJNXZiF\]OWXN¯?@�¿�x4�
CFJ�M?JZ@K^�XZ:�=P@dBlmo:�BZp
=?BN@K^?CFsKXZCF:�E4:�m&XN¯?@R;>sK:WM?JNXZCFs��W@KsKXN:WBNJAH%90¯?@R@dBZBZ:�B��W@KsKXN:WBNJ ;>BZ@�XN¯?@KE 
]MP;�E]XZCFYK@d^4@���sKCF@KE]XZiF\
}]\¾M_JZCFE?t4;|Ë�Ì JZsL¯?@Kp�@I«0¯?CFsh¯
M_XZCFiFC�JN@KJ�XN¯?@�iFCF[W@KiFCF¯?:]:]^4CFE]mo:�BZpk;>XZCF:WE|^?@dBZCF�W@K^�mÚBZ:WpÉXZ¯?@
¿(x»�0H

� �)(+/»���]�F�,�������K�$�?�d� �]���?�V���������l�F�,���P�
���&�>� �?�
jlEI;0Ë�Ì JZsL¯?@Kp�@&M?JNCFE?t(;��#M?sdi�CF^?@
;�E�^?CFJZXh;>E?sK@0p�@A;�JNM?BZ@WO
XN¯?@KBZ@%CFJ�;�E�CFp�=?iFCFsKCFXU;�JZJNM?p�=_XZCF:WE
XZ¯�;�XeXN¯?@cCFE?=?M_XZJUmÚ:WiFiF:�«¾;0G�;�M_JZJZC½;>E(=_BZ:W}�;�}?CFiFCFXl\0^?@KE?JNC�Xl\ moM?E?sKXNCF:WEIÀ½=�^]m ÁdHe90¯_C�JfCFJUJh;�XNCFJlÍP@K^
CØmc«&@�
]MP;�E]XZCFYK@�XZ¯?@�BZ@KJNCF^?MP;�iFJ%moBN:WpÛ;IiFCFE?@A;�B%=?BZ@d^?CFsKXZ:�BAOU}?M_X(E_:WX�XN¯?@�BZ@KJNC�^_MP;�iFJ%moBZ:�p ;>E
¿(x»��«0¯?CFsh¯�mÚ:WiFiF:�«w;�p�CF©uXNM?BZ@�:�meG�;�M?JNJZC½;�E_Jc=P^nmhHe~Åp�:WBZ@�@���sKCF@KE]Xcp�@KXZ¯_:u^�CFJ#XZ¯?@KBN@Lmo:�BZ@
XZ:�tW@dE?@KBh;>XZ@�JZ@d=P;�BL;�XZ@�Ë�Ì sK:]^?@K}�:u:�[]J�mo:WBc@
;�sL¯|@K©]=P@KBNX0CFE�XZ¯_@(¿�x4�D;>E?^�sd:WpI}?CFE?@0XN¯?@Kp
�]C½;�XZ¯?@4=_BZCF:WBNJI:WE8@A;>sL¯8@K©]=P@dBZX�moBZ:�p XZ¯_@4tu;>XZCFE?t
E?@KXl«�:WBN[]JAH 90¯?@4sK:]^?@d}P:]:W[Ämo:�BIXZ¯?@
:��W@dBh;�iFifBZ@KJNC�^_MP;�i#�W@dsKXZ:�BZJ�:WE|XZ¯_@RXN@KJZX�JZ@dX(CFJ0XN¯?@KE�tW@KE?@dBh;�XN@K^
;�X�@
;�sL¯4XZCFp�@(^_\uE�;�p�CFsA;>iFi�\
}]\IsL¯?:]:WJZCFE?t�XZ¯?@VÍPBZJNX

D × g(t)
j
sd:u^_@KJAO_«0¯?@KBZ@

D
CFJ&XN¯?@�JNC�Yd@(:>meXZ¯?@%@K©]=P@dBZX0sK:]^?@K}�:]:W[]J�;�E_^

g(t)
j
CFJ&XN¯?@�=?BNCF:WB0:WE�@A;�sL¯4@d©u=�@KBNXAH

2 ��!O
��P�

�D?�
� !"�

 
O@��O@ �	� ���E$ �N��! 
"�"!$#&%(' )�*+' )�,.-/,.021 3�,�' 4�3�5 �P@768%�5:9(6<;>=@?A42BDC�4�0+=/4E* 
"$
F 1 #�1.CG5:HI*&%J,G#�*+' K>4E1<0+-ML



� � ' ���A�²�
�½�Z�0���+� �U�A�G�N� ���$�]�F�,��*�,��+�F�P���²�½���P�
jlE?CFXZC½;>iP@K©]=�@KBZCFp�@KE]XZJ�«&@KBN@�=P@KB²mo:WBNp�@K^�M?JZCFE?tI�W¥�x|@KiUJNsA;�iF@�iF:Wt�@dE?@KBZt�\ImoBN@ 
]M?@KE?sd\k}_C�E_Jì;>J
;�sd:WM?JNXZCFs���@KsKXZ:�BZJI;�E?^
M_JZCFE?t4JNC�E_tWiF@I�W;�BNC�;>E?sK@KJ

Cj = σjI
;�J�@d©u=�@KBNXIE?@KXl«�:WBZ[�sK:��W;>BZC½;�E?sd@

pk;>XZBNC�sd@KJAHf90¯?@�BZ@KJNM?iFXZJ%:�m�XNBh;>C�E_C�E_t�:��W@KB��A§�§?OT§W§�§%moBL;�p�@dJ&;�E?^|@K�W;>iFMP;�XNC�:�EI:��W@KB0; moM?BZXN¯?@KB
�A§�§?OT§W§�§�moBL;�p�@KJ�:WE�XZ¯_@k®0@dJZ:WM_BZsK@4x4;>EP;�t�@Kp�@KE]XIÀo®%x4Á�sK:�BZ=?M_JÊ;>BZ@�JN¯?:�«0E
CFE
9c;�}?iF@I�
;�E_^y¨fCFtWM_BZ@�£R«0¯_C�sL¯|JZ¯_:�«0J0XZ¯?@�t�:]:u^�JZ=�@KsKC½;�iFCFJh;>XZCF:WE|:>m�XZ¯_@(¿�x4�ÅCFE�XN¯?CFJ0=?BZ:�}?iF@Kp¾H

x4�#90¿ ��Q q#BZ@K^_C�sdXZCF:WE¾G�;�CFE4À½^?�0Á
9�BL;�CFE 9#@KJNX

bÙC�E_@A;�B �
�?HT§Wv �A§_HT�W�
�%iF@K�W@Kif¿(x4� �
¦?HF� �A�_HT�W�
��iF@K�W@Kif¿(x4� ��§?HT�W§ �Aª_HT¥W�

9c;�}?iF@4�?��� ���&>��
�&���
�O@C��� �W�&�O��$����
� �R���&������$ �E$��P@$#Q�P�P@��&
O�T!�����> �
�&���
�O@ 
O@�>0D?�P@E
����0D?��
�@E� �?�P@$#�W�T �$����
��� F 
�@E> � �
�"!I���
$&% � ���&>��
�&���
��@ #"
O�P@Q;��R��!#����� 
�@ A��W����$�����F�H��  "KR�
$	�����W��
I���
� �������E�$��%#�@E
�� !O
O���

�@E�&�G����!����&>��
�&���
�O@Q����������!O
����

O@����"%

10 20 30 40 50 60 70 80 90 100
0

5

10

15

20

Frame

Ac
ou

sti
c F

ea
tu

re

(a) Spectogram

10 20 30 40 50 60 70 80 90 100

1

2

3

4

5

6

7

Frame

Ex
pe

rt

(b) Gating Network Decisions

¨fCFtWM?BN@�£P� �����.D#���E
�!"�
���?�X��� 
��G�
�����?���T��� � �&�"! ������$.
"�G!?���&>��
�&���P@$#Q�T���PV=$��&
O�
� �
��# ��@E����#+��)���")"�E��@E�"��D?�P@�$���!"���
100 16

� $ �S��
+� �&$&% �M�E������!	�(#��?���G�
$�
.$�!#�&�&������#���
+� �O�����E�G$�! �&�&��� 
O@�>���E�W�
� �����
�(#��?���W�
$W
O@T�&�"!#�����W
"�����%!�
I���
��@X!��
�I�"&�$��E���M�P@(#����E� #"
I���P@$# @E�&� ������UT>?�&���
$��
�O@�$&%
×
@�¯P;
��@�sK:�E?^?M?sKXN@K^»moM?BZXN¯?@KB�@K©]=�@KBZCFp�@dEuXNJ�M?JNCFE?tkbfS?q#J�;�E?^|sK@d=?JZXNBh;�iFJR;>J(;>sK:WM?JNXZCFs��W@KsL±
XZ:�BZJ
O?;�E?^IM?JNCFE?t�^?C½;�t�:WEP;>i]@K©]=P@KBNX0E?@KXl«�:WBN[RsK:��W;>BZC½;�E_sK@0pk;>XZBZCFsK@dJAO�:WE�;���@KBZ\�i½;�BZt�@0JZ=�@K@KsL¯
sK:�BZ=?M?J
H�¿%:�«&@K��@KBAOÙC�E_C�XNC½;�iU@K©]=�@KBZCFp�@dEuXNJ�JZ¯?:�« :�E?iF\y;'JZp|;�iFieCFp�=_BZ:��W@dpI@KE]X&CFE4t];�CFE4:��W@dB
;�JZCFE?tWiF@%i�CFE?@
;�B�=?BZ@K^_C�sdXZ:WB�;�E?^'moM?BNXZ¯?@KB0CFE]�W@dJZXZCFt];�XZCF:�EIC�J�M?E?^_@KBZ«0;
\uH#×
@%¯P;
�W@�;�iFJZ:�sK:]^?@K^
;�sd:WM?JNXZCFs&��@KsKXN:WBZJ�M?JZCFE?t�¦�}_C�XNJ#=P@KBfmoBL;�p�@c«0CFXZ¯�moBL;�p�@�iF@KE_tWXZ¯_J�:>m��A�_HT�0p�J
O
=P;�JNJZCFE?t�=�:�«�@KBAO
=?CFXZsL¯D;>E?^¾^_@KtWBN@K@�:>mì��:WCFsKCFE?t4;�J�JZCF^?@I}�;�E?^
CFE]mo:�BZp|;�XZCF:�EeO?«0CFXZ¯_:WM?X�;�=_=?BZ@KsdC�;>}?iF@I^?CFJZXN:WBl±
XZCF:�E4:��W@KB�JNC�p�=?iF@�beqc{ sK:]^?CFE?tPH�~ moM?iFi#JZ\]JZXN@Kp «0CFiFieCFE?sKiFM?^_@R=?BN@K^?CFsKXNC�:�E¾:>mì;�iFi#;�sK:�M?JZXNC�s



=P;>Bh;�p�@KXZ@dBZJR;>E?^¾«�@�;�E]XNC�sdC�=�;�XZ@�mÚM?BZXN¯?@KB�BZ@K^?M_sKXZCF:WE_J�:WE
XN¯?CFJ�CFE?CFXZC½;�ifÍPt�M?BZ@I«0CFXZ¯»moM?XNM?BZ@
^?@K��@KiF:W=?p�@KE]XZJ
H
� Ö�ÓIÐÄÖ ( Õ .fÏ]ÓÊÐ
90¯?@¾;>CFp :�m�JZ=�@K@KsL¯ sd:u^_C�E_t
C�JIXN¯?@4@���sdC�@dEuX�sK:]^?CFE?t
:�m�XN¯?@4JZ=�@K@KsL¯ JZCFtWE�;�i0«0CFXZ¯ÅiFCFXZXZiF@
=�@KBZsK@d=?XZMP;>i&iF:�JZJAH�90¯_C�J%=P;�=�@KB�¯P;>J(^_@KJZsKBNCF}P@K^
XN¯?@IM?JN@R:>m&XZ¯?@�¿(x»�Åmo:�B(;>sK:WM?JNXZCFs��W@KsKXN:WB
=?BN@K^?CFsKXZCF:�EeHe×
@�¯P;
��@&JN¯?:�«0ERXN¯P;�X�XZ¯?@�¿(x4��s
;�E�=?BZ:��]CF^?@�C�p�=?BZ:���@K^�=�@KBlmÚ:WBZp|;�E?sd@&:���@KBc;
iFCFE?@A;�Bf=?BZ@d^?CFsKXZ:�B+;>E?^�CFE�;�^?^_C�XNCF:WE�CFXe=?BN:��uCF^?@dJ+;�XNCFp�@#�W;�BN\uCFE?t0�W;>BZC½;�E_sK@#mo:�BeXZ¯_@&=?BN@K^?CFsKXNC�:�E
@KBNBZ:WB
HÅ90¯?@|^?@KsK:�p�=�:WJNC�XNCF:WED:>m(XN¯?@|i�CFE?@
;�B�=?BZ@K^_C�sdXZCF:WEÅ=?BN:W}?iF@Kp CFE]XZ:
;�JZ:�iFM?XZCF:WE
�]C½;�;
p�CF©]XZM_BZ@0:�m#@K©]=P@dBZXZJ�;�iFJZ:I;�iFiF:�«0JcM?J0XN:IsK:WE_JZXZBNM?sKX�;�Ë�Ì sK:]^?@K}�:u:�[�:�E�XZ¯_@���\I}u\�p�CF©]CFE?t
XZ¯_@(sd:u^_@K}P:]:�[uJ%:�mcXZ¯_@(�W;>BZCF:WM_J&@K©]=�@KBZXNJAH
×
@0@K©]=�@KsKX0XZ¯�;�X�XZ¯?@%^?CFBZ@KsKX�sK:�p�=?M?XL;�XNC�:�ER:>meXZ¯?@%XZCFp�@��W;�BN\]C�E_t(E�;�XZM_BZ@�:�meXN¯?@�=?BN@K^?CFsKXNC�:�E
;�sdsKM?Bh;>sK\�«0CFiFi�ÍPE_^�pk;>Eu\�;�=?=_i�CFsA;>XZCF:WE_JAH�×8CFXZ¯?CFE�XZ¯_@ì;>sK:WM?JNXZCFs��W@KsKXN:WB#=?BN@K^?CFsKXZCF:�E�=?BZ:�}?iF@Kp
«�@�«&:�M?iF^4iFCF[W@�XZ:�@K©]=?iF:WCFX0XZ¯?CFJ%C�Enmo:WBNpk;�XNCF:WE�}]\�@K©]=?iF:WBZCFE?t�XZ¯?@�sK:WE]XZCFE]M?M?pÛ}�@KXl«�@K@KE�XZ¯?@
ÍP©]@K^8}_C�X�Bh;>XZ@�sK:]^?@KB|^?@KJNsKBZCF}�@K^ ¯?@KBN@w;>E?^ ;
�W;>BZC½;�}_i�@|}?CFXIBL;�XZ@�sK:]^?@KB|XN¯P;�X�=?BZ:]^?M?sd@KJ
sK:�E?JZXL;�E]X0JZ=�@KsKXNBh;�i#^?CFJNXZ:WBNXZCF:WEfH
���2�]�P��� �½�+�
�W� �k�d�?�Z�
90¯?CFJ0«�:WBZ[I«0;�J�mÚM?E?^?@K^|CFE�=�;�BZX0}]\�¿�@K«0iF@KXNX�q�;>sL[W;�BZ^4bf;�}�:WBh;>XZ:�BZCF@KJAO]�%aIHPS]XN@K�W@�×D;�XN@KBl±
¯?:�M?JZ@�C�J�JZM_=?=P:�BZXN@K^D}]\D;�ED��qcS?®0{�®0@KJN@A;�BNsL¯ SnXZM?^?@dEuXNJZ¯?CF=Å;�E?^Ä9�:�E]\¾®0:�}?CFE?JZ:�E
«ì;>J
JZM_=?=P:�BZXN@K^4}]\k;��cqcS?®0{ ~�^_�W;�E?sK@d^¾®0@KJN@A;�BNsL¯¾¨?@di�iF:�«0JN¯?CF=eH

Ò������ ¸ �	� º � ¶
� D?�E�"&���% & � ��
��+& ��%�� %EA �	��D#�O�P�
�&>?� & �G%�;�F�H��"JLK'&�
 ���&�&���O� )"�E
�@?�����&
I���
��@X�O� $�!#�&��� � 
�@E>.$�!#�&�&���?V�P�PU�����
�!"��� ����� $��%&�
������������������������! ����" ��$#%�& �'��(�)�*�+�-,/.1032-2&�-4�,	���/56.��87��/�193:;�� <�-2��&�(�!��7"%
�R��! ����� 
�@,&��G%�A �W����$���� &��G%	;�F&H �	 "K'&=
 ���&�&����� !����&>��
�&���%!I� �&��>��P@$#Q��� $�!#�&�&��� 
"� F�> U�D?�
�-?�$��%&


������@�A�B�����(�������! ����C ��EDF �G�G�'��/�*�&�����! ����IH;JCK B�LML &/> �	 �N�>"HM>�%<"����>?
�@,& � %CO %�A <"
"����DE$"&���%
��%	;�F&H"HIJ�K'&�
 �	�
����
������?�
�&
������
�����?���&$T���� ��"!#������$.
O@�> ���E�  ��
��%#I�����
���(� � &FPQ2�'����19FDF �G;0	'��������! ��=R	&3F �?F&N � F&J?%�T
�U��E���?� & <�%G;�F�H��+ IK'&S
 T �P@E�&
��B!����&>��
�&���
�O@VU � �������O���

�� ��� !"�
����� &W:;�� <�-2-2&5��!�X7X�Y �Z[�\4/2E
������
R1L�;NJ�K'&( <>?F&N  ���?%: ����@(# &/]�%A^ %EA <��E
�@(# &3_W%���%�;�F&H �"J�K'&3T �P@E��$�!#�&�&�����(� !�
O�P�G;�T : ��K�
�@E>�$�!#���&� � >�
I��
 �&���G!�����$�V$��
��@,&��!�`
 � �����&�&�&>��P@$#I$���� �����aO  � � EO)@?������@�
I���
��@E
�� ����@?�N������@E�&�	��@ �W�&�O��$����
�&$"& : !#�&�&���,&�
�@E>: �%#O@�
O� � �������&$�$��P@$# � %� ��@(# &E�G% ;�F&H"H ��K'&	P= ���b�9��!�/2-���=�V�!G�26.�2��&�!2��(cC�S5�d1�3��G`�!�-�19/�(d<�(��2<G=�a�&0�0	�B ����-4 &AeW�"�N�O��>Sf @?�%!"����V$��
� � � ���&$�$&%� ��@(# &	��%�AgT �%��&C^ %	;�F�H����LK'&=
 ���?���&$��E���
> 
��E������� #����&$�$��
�O@ &	�P�%�G�
�T�"�����
��$�
�@E>0� �����P�
�&
���>?
"��
 � &
h  �'��-�/�19� �Z%ij �d1�193.������)�������!�-�19�.k <���!2���d�%

l 
"�������E���E$��+& : % ��%#A �	��D?�P@�$��O@ & �G%E<�%3;�F�H"H"JLK'& �R�

"$�$�� �E�&
I���
��@ �E$��P@$#.���
����
��������
�&
O� �G�
�����?���&$W�O��&�"!#������$"&	�!��
8ON R � l ����U?$��E��!T�O@ �W������
O� �W�&�
������U?$ �N�O� : �%#�@E
�� � �����&��$�$��P@$# � &?!�! %�F�� �+NEF �1>?%l ���%#"��@E>
&��G% : %MA �W����$�����@?�N���
>
&���%
�G%	;�F�H"H"JLK'&m�	�!G`2Y.�2��&�!2��$:j�B2-5��!���)�* ��/con� ���2&�-�1�����!�X7o��4/2
n�'A�)'A�B2=���35qpI�/5�2��r�(�����/51�*��7=�\4/2=:j�1��� &�� >�>��
$���@?V l �&$��
� �"%

l ���%#"��@E>
&���% : %�A � �
�$&jsG% �G%�;�F�H"H"JLK'& � ����> �
�&���
�O@�$ ���
��� �&�O@ �E>���@��&�T�P@?������!O
��
$ ;)�
����
������������D�
O��$�K'&?� �&� �?@?�
�&
�� ����! �����"&/s ��!E
����*� ��@?�	�O� �M���G!?������� : ���
��@E�&��
�@E>mO @E$����
���E���G�O� ���+#O@��
���%!I�: ���
��@����+&�f @?�%!"����$��
� �T��� �M�O�
����
I>�� &�_����?�
>�����& �Ce � �1t��IH�V
�"JMt"H?%
l ���%#"��@E>
&	��% : %%& � �?D#����� 
O@ &F_ % ��% A �M�(� ���P�E
����"&�s�%# %�;�F&HIH���K'&j
 � ���&>��
�&���P@$#X���E�G�)�E�������1U 
�&��@?@E�&�&���
��@?�
$���
�!?!?���"
"��� � &F
-�/��2��-�/�����! ��/�<9 h  �'A�&�/�19k �Z%P=2�'����19/.�d�����2�Gu�jv+&3F�H1t�N � �IH�%
w ��@(# &?� % &XsW
�!"�
>�$��O@ & �G%?A �W����$���� & ��%#;�F&H�� ��K'&? @��&��>��P@(# �O�FT,� �Q$�!#�&�&����
O�3!E
���
+� �&������$R�E$��P@$#$ ���
��� �E�&>�V�
I>�
O!����%!I� �P@?�������)��
+� ��!"�&��������!?���&>��
�&���
��@,&��!�6
 � �����&�&��> �P@(#"$	��� ���E�=ON R � xO @?������@E
�V���
��@E
�� �M�O@�� ������@E�&�G�O@ � �&���E$����
�&$"& : !#�&�&��� &#
O@�> : �%#O@�
O� � �����&�&$�$��P@(# �%&�!?!3%EJ�����N�J �	 %


